Abstract. By using surgery techniques, we compute Floer homology for certain classes of integral homology 3-spheres homology cobordant to zero. We prove that Floer homology is two-periodic for all these manifolds. Based on this fact, we introduce a new integer valued invariant of integral homology 3-spheres. Our computations suggest its homology cobordism invariance.
Floer homology groups I n ( ); n = 0; : : : ; 7, are abelian groups, intrinsically associated to an oriented integral homology 3-sphere , see 14] . According to C. Taubes 
The de nition of the Floer homology groups makes essential use of gauge theory on 3{ and 4{dimensional manifolds, so these groups are generally di cult to compute.
In this paper we use the Floer exact triangle 15] to compute I ( ) for several classes of integral homology spheres uni ed by one property { they all are homology cobordant to zero. Among the homology spheres studied in the paper are: Mazur homology spheres 2]; Seifert bered homology spheres which bound smooth contractible manifolds 10] and 36]; homology spheres obtained by ( 1)-Dehn surgery on certain slice knots. In short, the main results of our computations ( see Theorems 1, 3, 4, 8, and 10 ) can be summarized as follows.
Theorem. For all integral homology spheres from the list above, Floer homology groups are 2{periodic, that is, I i ( ) = I i+2 ( ) for any i.
This theorem justi es the introduction below of a new invariant of oriented integral homology 3{spheres related to the following problem.
Let 3 Z be the integral homology cobordism group of oriented homology 3-spheres, and : 3 Z ! Z 2 the Rochlin homomorphism 29]. If there is an element with ( ) = 1 having order 2 in the group 3 Z then the theorem of D. Galewski and R. Stern 18] and T. Matumoto 23] implies that all closed topological manifolds of dimension greater than or equal to 5 are simplicially triangulable. One can use this theorem to show that the existence of an integer lift 3 Z of the Rochlin homomorphism would give a negative answer to the triangulation problem. Therefore, one can be interested in de ning, for any integral homology 3-sphere , an integer ( ) with the following properties :
(1) is a Z-homology cobordism invariant, (2) is additive with respect to connected sums of Z-homology spheres, and (3) is a lift of the Rochlin homomorphism , i.e. ( ) ( ) mod 2. Note that the conditions (1) and (2) imply that ( ) must change sign with the change of orientation on .
In our paper 34] we study a candidate for the invariant of the required type, namely, the {invariant de ned by W. Neumann 26] and L. Siebenmann 35] for plumbed homology spheres . This invariant satis es the conditions (2) and (3). It is still not known whether (1) holds, though results in 31] and 34] weigh for a positive answer to this question. Of course, a very essential question about is whether one can extend it to arbitrary Z-homology spheres.
The well-known Casson's -invariant 3] is not a homology cobordism invariant, though it is de ned for all integral homology spheres and satis es the rest of the requirements.
In this paper, we introduce another candidate for a homology cobordism invariant de ned for all integral homology 3{spheres. We de ne it in a manner similar to (1), i.e. as an algebraic sum of the ranks of Floer homology groups. In doing so, we observe that there is essentially only one choice of the signs, besides that in (1) , that makes the invariant sensitive to orientations ( as it is required by conditions (1) and (2) above ). We use this choice to de ne the invariant for an arbitrary oriented Z-homology sphere as follows: 
This is an invariant of orientation preserving homeomorphism just because so is Floer homology. The most important problem, therefore, is to check its homology cobordism invariance. The theorem above gives some evidence towards that.
Corollary. The -invariant vanishes on all integral homology spheres homology cobordant to zero listed in the theorem above.
Regarding the conditions (2) and (3), we note that ( ) obviously equals ( ) modulo 2 for the homology spheres whose Floer homology is four{periodic. The four-periodicity holds for many important classes of homology spheres but fails in general so (2) is an open problem. In Section 9, we use Fukaya's spectral sequence in Floer homology 16] to show that ( ) is additive with respect to connected sums under some restrictions on Floer homology of the factors, see Theorem 14.
Our computations of both { and {invariants suggest that these invariants coincide for plumbed homology spheres. In comparing the two invariants, we use the well-known fact, see 12] and 35], that any plumbed homology sphere can be obtained by pasting together graph links each of which is a Seifert bered homology sphere with a chosen collection of Seifert bers. This operation is called splicing 12] , and its precise de nition is given in Section 3. With respect to this operation, the -invariant is additive, see 11] and 32]. In particular, if (a 1 ; : : : ; a n ) is a Seifert bered homology sphere with Seifert invariants a 1 ; : : : ; a n and, for any 2 j n?2, the integers q = a 1 a j and p = a j+1 a n are the products of the rst j and the last (n ? j) Seifert invariants, respectively, then ( (a 1 ; : : : ; a n )) = ( (a 1 ; : : : ; a j ; p)) + ( (q; a j+1 ; : : : ; a n )); ( (a 1 ; : : : ; a n )) = ( (a 1 ; : : : ; a j ; p)) + ( (q; a j+1 ; : : : ; a n )):
The formula for follows from 30]. This implies that the problem of identifying and reduces, at least on the class of Seifert bered homology spheres, to the identi cation problem for Seifert spheres with just three singular bers. 1 We also compare the behavior of the two invariants with respect to Dehn surgery of a Seifert bered homology sphere along a singular ber. Let (a 1 ; : : : ; a n ) be a Seifert bered homology sphere with Seifert invariants a 1 ; : : : ; a n , and a = a 1 a n?1 be the product of the rst (n ? 1) Seifert invariants. Then ( (a 1 ; : : : ; a n )) = ( (a 1 ; : : : ; a n?1 ; 2a a n )); ( (a 1 ; : : : ; a n )) = ( (a 1 ; : : : ; a n?1 ; 2a a n )):
The second part of this result is proved in 26], and the rst in the present paper, see Theorem 2. As a corollary, both invariants and vanish on the in nite series of Seifert bered homology spheres (a 1 ; : : : ; a n?1 ; 2ak 1); k 2 Z, where a = a 1 a n?1 .
Section 8 of the paper contains computations of Floer homology groups and the invariant for certain hyperbolic homology spheres. These spheres do not belong to the class of homology spheres of plumbing type and, therefore, their -invariants are not de ned. The hyperbolic homology spheres S 3 1=p k we deal with are obtained by ( 1=p)-Dehn surgeries of S 3 along twist knots with p 2 Z large enough. In the special case of the gure-eight knot k, the Floer homology groups I (S 3 1=p k)
were computed in 40] by di erent methods, see also 22] .
One should mention that Floer homology of a homology sphere bounding a Mazur's manifold was also computed in 1], and that our result di ers from that in 1]. As it was kindly communicated to us by Selman Akbulut, in the corresponding formula in 1], two Z's appear in incorrect slots due to a mistake in calculating indices in the Floer exact triangle. We prove the correct formula in Section 4. In 1] the computations of Floer homology were used to construct a homology sphere with an involution acting non{trivially on Floer homology. In Section 10 we describe a simple construction giving many other examples of such involutions.
The organization of the paper is as follows. In Section 1 we recall the necessary facts concerning Floer homology. In Section 2 we prove a two-periodicity in Floer homology of certain homology spheres homology cobordant to zero. This class includes, in particular, the boundaries of the famous Mazur's contractible manifolds whose Floer homology can be computed more explicitly, see Theorems 3 and 4 in Section 4. Section 3 is a review on Seifert bered and plumbed manifolds. Representation varieties of certain plumbed homology spheres are described in Section 5. This description is used in Sections 6 and 7 to compute Floer homology of Casson{Harer homology spheres and of the manifolds obtained by surgery along some slice knots. In Section 8, we turn from plumbed homology spheres to hyperbolic ones, and compute Floer homology for some of them. The additivity of {invariant with respect to connected sums is discussed in Section 9. Section 10 is devoted to constructing involutions permuting Floer homology.
I In 15] the Floer homology theory was extended to three-dimensional manifolds K such that H (K; Z) = H (S 1 S 2 ; Z), and the corresponding cobordisms. In this case, one has to work with the uniquely de ned non-trivial SO(3)-bundle over K. An essential feature of this theory is that only a relative grading is well-de ned. One can easily check right from the de nition that I (S 1 S 2 ) = 0. This \relative"
Floer homology nds its application in the Floer exact triangle.
Let k be a knot in a homology sphere . We introduce two other manifolds: Theorem 1. Let = @W be the boundary of a manifold W in Figure 1 . Then, for any tangle and for any p, Floer homology groups I ( ) are two-periodic, that is I i ( ) = I i+2 ( ) for any i. Moreover, the groups I ( ) are independent of the framing p.
This theorem implies in particular that the -invariant (2) vanishes for all homology spheres as above. In the case when is a braid, the groups I ( ) are explicitly computed in Section 4.
Proof. First we prove that I ( ) does not depend on the framing p. Let Let us represent S 3 by the link shown in Figure 4 . Then the homology sphere is the result of (-1)-surgery on a knot k in S 3 , which we write as = S 3 ? k, see The corresponding (+1)-surgery on the same knot produces the homology sphere 0 = S 3 + k shown in Figure 6 . The three spheres, ; S 3 , and 0 , t into two consecutive Floer exact triangles, see Section 1. By keeping track of the gradings and taking into account that I (S 3 ) = 0, we get that
Let us now represent 0 as in Figure 7 , so that 0 is again a (-1)-surgery of S 3 and one can repeat the above argument. We get that I ( 0 ) = I +1 ( 00 ) and therefore I ( ) = I +2 ( 00 ) where 00 is shown in Figure 8 . Figure 9 On the other hand, by blowing up, the homology sphere 00 can be represented as (-1){surgery of , see Figure 9 , with the corresponding relative term K in the Floer exact triangle as in Figure 10 . By sliding one 0{framed handle in Figure 10 over the other, we get an equivalent description of K shown in Figure 11 . The latter obviously represents S 1 S 2 with Recall from 28], that for any pairwise coprime integers a 1 ; : : : ; a n , each a i 2,
there exists a unique Seifert bered manifold, whose unnormalized Seifert invariants are f0; (a 1 ; b 1 ); : : : ; (a n ; b n )g and satisfy the equation
This oriented manifold will be denoted by = (a 1 ; : : : ; a n ). This is a Z-homology sphere of plumbing type, and it can be obtained by plumbing according to a \star-shaped" graph, see 28] or 12]. Seifert bered homology spheres play a role of pieces from which one can construct all the plumbed Z-homology spheres. To describe the operation of pasting together these pieces we need some more de nitions, see 12] and 35].
By a link ( ; K) = ( ; S 1 : : : S m ) we mean a pair consisting of a Z-homology sphere and a disjoint union of embedded circles S 1 ; : : : ; S m . Empty links are also allowed; they are just homology spheres. A link ( (a 1 ; : : : ; a n ); S 1 : : : S m ) where the link components S 1 ; : : : ; S m are bers in (a 1 ; : : : ; a n ) is said to be Seifert link. Note that a general Seifert link may include singular bers as well as some non-singular bers. It is proved in 12], see also 35] , that all plumbed homology spheres are (empty) graph links.
In the case = (a 1 ; : : : ; a n ) is Seifert bered, a good deal is known about the groups I ( ). In particular, it is known from 13], 20] and 6] that I j ( ) = ( 0; if j is odd; a free abelian group; if j is even;
An explicit algorithm is known to compute groups I ( (a 1 ; : : : ; a n )) for small n. As n increases, computations get more complicated. Let = (a 1 ; : : : ; a n ) be a Seifert bered homology sphere with Seifert invariants f0; (a 1 ; b 1 ); : : : ; (a n ; b n )g and K = + 0 k its 0-surgery along the singular ber k of degree a n . The manifold K itself is Seifert bered over S 2 though is no longer a homology sphere because H (K) = H (S 1 S 2 ). Its Seifert invariants are f0; (a 1 ; b 1 ); : : : ; (a n?1 ; b n?1 ); ( n ; ? n )g where n = a 1 : : : a n?1 ; n = n?1 X i=1 b i a 1 : : :â i : : : a n?1 ; (4) see 12], Lemma 7.5. In the paper 30] we describe the space of irreducible representations of 1 (K) in SO(3), and for any two representations ; from that space evaluate the (relative) Floer index ( ; ). This index turns out to be always even, so that I j (K) must be trivial for j either even or odd depending on the orientation. Theorem 2. Let (a 1 ; : : : ; a n ) be a Seifert bered homology sphere with Seifert invariants a 1 ; : : : ; a n , and a = a 1 a n?1 be the product of the rst n ? 1 Seifert invariants. Then ( (a 1 ; : : : ; a n )) = ( (a 1 ; : : : ; a n?1 ; 2a a n )): Proof. Let the homology spheres 0 = (a 1 ; : : : ; a n?1 ; a + a n ) and 00 = (a 1 ; : : : ; a n?1 ; 2a+a n ) be obtained by Dehn (-1)-surgeries on = (a 1 ; : : : ; a n ) and 0 along the singular bers of degrees a n and a n +a, respectively. Let K be the relative term, that is the homology S 1 S 2 obtained by Dehn 0-surgery of along the singular ber of degree a n . We have the following two As it follows from Section 1, the groups I (@W (l; k)) must be 2{periodic. Here is a more precise result about these groups.
Theorem 3. For any k; l 2 Z, the Floer homology groups I j (@W + (l; k)) (respectively, I j (@W ? (l; k)) ) are trivial for j odd ( even ), and are isomorphic to Z for any even j ( odd j ). In particular, (@W (l; k)) = 0.
Proof. It follows from Theorem 1 that the groups I (@W (l; k)) do not depend on the framing k or the tangle . In our case, is a braid, and we can establish the link diagram equivalence shown in Figure 13 
Figure 13
The homology spheres @W (l; k) belong to the class of homology spheres obtained by surgery on the link, shown in Figure 14 , where p 2 Z, and 2 B 3 is any braid whose image under the natural projection onto the symmetric group S 3 ,
is neither (1)(2)(3) nor (12)(3). (The latter condition is a necessary and su cient one for the link in Figure 14 to have two components). Again, all homology spheres obtained by surgery on the framed link in Figure 14 bound acyclic manifolds, and ( ) = 0 by Theorem 1. Figure   14 , I j ( ) is trivial for j odd, and I j ( ) = Z for any even j, or vice versa, depending on the orientation. In particular, ( ) = 0. Proof. Let be any sphere with the surgery description as in Figure 14 . First, I ( ) is independent of the framing p. Second, we can make transformations shown in Figure 13 starting with any of the three strings without changing I ( ). Since the twists on the three strings we obtain generate the group P 3 of pure braids, it is enough to compute the Floer homology for just one representative from each of Figure 15 This homology sphere is obtained from the manifold in Figure 14 by changing the orientation and setting p = 2. We perform the (+1)-surgery on the unknotted circle framed by 1, see Figure 16 , and get the homology sphere 0 . The relative term K in the Floer exact triangle corresponding to this surgery is of the form shown in Figure 17 . It is obviously homeomorphic to S 1 S 2 , so I (K) = 0. Therefore, I ( ) = I ( 0 ) where 0 is obtained by the surgery on the twist knot shown in Figure 16 . As it will be proved in Section 8, the groups I j ( 0 ) are trivial for even j and are isomorphic to Z for odd j. Remark. Similar methods can be applied to any homology spheres like those shown in Figure 14 , with the number of string passing through the 1-handle greater than 3 ( of course, the algebraic intersection must still be equal to 1). However, in this case the braids obtained from the transformations like the one in Figure 13 do not generate P n ; n 5. Apparently, even the normal closure of the subgroup generated by those braids has an in nite index in P n .
Representation spaces for certain plumbed homology spheres
Let be a splice of Seifert homology spheres 0 = (a 1 ; a 2 ; a 3 ) and 1 = ( 1 ; 2 ; 3 ) along the singular bers of orders a 3 and 3 , respectively, and det a 1 a 2 a 3 3 1 2 = " = 1:
It is worth mentioning that if this determinant vanished then would be Seifert is a splice of 0 = (a 1 ; a 2 ; a 3 ) and 1 = ( 1 ; 2 ; 3 ) with the Seifert invariants satisfying (7). 15 We are going to describe the space R( ) = Hom ( 1 ( ); SU (2) From now on we identify the Lie group SU(2) with the group S 3 of unit quaternions, and the subgroup U(1) with the group S 1 of unit complex numbers.
Lemma 5. Let : 1 ( ) ! SU(2) be an irreducible representation of 1 ( ) in SU(2). Then one and only one out of the two matrices (h), ( ) is equal to 1.
Proof. (1) Suppose that (h) = 1 and ( ) = 1. Then the last two relations in (9) imply that (x 1 ) (x 2 ) = 1 and ( 1 ) ( 2 ) Since ( 1 ); ( 2 ) and ( ) commute with each other, they have the same rotation plane C 3 . Each of ( i ); i = 1; 2; can be expressed in terms of ( ), therefore, we have only 6 degrees of freedom in choosing (x i ) 2 C i ; i = 1; 2, and ( ) 2 C 3 , subject to one more condition that ((x 1 x 2 ) ?" ) = 0. Assume for simplicity that " = ?1, then the condition can be rewritten as Since is irreducible, the rotation axes R 1 and R 2 of (x 1 ) and (x 2 ) are distinct. The axis R 1 is xed by (x 1 ), so R It is worth mentioning that for any relatively prime integers (p; q), the knot T(p; q)#T(p; q) is slice, and both (+1){ and (?1){surgeries on it bound contractible manifolds. As it follows from Theorem 8 below, the -invariant vanishes in both cases.
Theorem 8. Let k = T(p; q)#T(p; q) be a connected sum of the left-handed (p; q)-torus knot T(p; q) with its mirror image T(p; q) . Let M n (p; q) be the homology sphere obtained by (?1=n)-surgery of S 3 along k; n = 1; 2; : : : . Then I j (M n (p; q)) is trivial if j is odd, and isomorphic to a free abelian group of rank n(p 2 ?1)(q 2 ?1)=24 if j is even.
Before we go on to prove Theorem 8, we wish to discuss Floer homology of amphicheiral knots. Recall that a knot k in S 3 is called amphicheiral if it is isotopic to its mirror image, k = k . Lemma 9. Let k S 3 be an amphicheiral knot.
(1) If is (+1){surgery on k, then I j ( ) = I ?j ( ) for any j; (2) If is (?1){surgery on k, then I j ( ) = I 6?j ( ) for any j. Theorem 10. Let p be any odd integer greater than 1, and s 1 any integer. Then the Floer homology groups I j ( (p; ps 1; ps 2)) are trivial for j odd, and isomorphic to a free abelian group of rank s(p 2 ? 1)(ps 3)=48 for any even j. In particular, ( (p; ps 1; ps 2)) = 0.
Before we go on to prove Theorem 10 we will describe a construction inspired in part by 26] that will be used in our argument.
Let ? be the following plumbing graph Figure 19 The manifold we obtain will be called K. By reversing initial procedure which produces the k twists we can rewind them again, and obtain graph description for K in the form K = M( ?) where ? is the following graph
In general, K is not a homology S 1 S 2 . But it is just a matter of elementary algebra to list the manifolds which produce, by the described above 0-surgery, a homology S 1 S 2 . This list includes, in particular, all Casson-Harer homology spheres, as well as many others.
Let us now perform (+1)-surgery on the same circle O to obtain manifold 0 .
Again, by using Kirby's calculus, we get the link description of 0 shown in Figure  20 . ... ... Note that 0 will be a homology sphere if and only if K is a homology S 1 S 2 , and that a similar procedure is possible for k 0, the plumbing diagrams for K and 0 remaining unchanged. In the case k < 0, one should start with the following plumbing diagram Proof of Theorem 10. We will prove the theorem for (p; ps + 1; ps + 2). It is not hard to show that ? 0 t is orientation preservingly homeomorphic to a splice of the homology spheres (t; st+1; t(st+1)?1) and (t; st+1; t(st+1)+1) 24 along singular bers of orders t(st + 1) ? 1 and t(st + 1) + 1, correspondingly. These are homology spheres studied in the previous section, so we know that I j ( 0 t ) = 0 if j is even, and I j ( 0 t ) is a free abelian group of rank rk I j ( 0 t ) = st(st + 2)(t 2 ? 1)=24 if j is odd: (10) The surgery construction described above being applied to t gives the following exact triangle in Floer homology (11 
In particular, I ev (K t+1 ) = 0 for all t T. We want to prove that (16) and (17) by (17) and (16) = I (? t+1 ) I (? t ) : : : I (? 1 ); by (16) .
From the rst exact triangle we get the following exact sequence
Therefore, I ev (K t+2 ) = 0 and I (K t+2 ) = I ( 0 t+1 ) I +1 ( t+1 ). Thus, the induction goes through proving in particular that the groups I ( t ) are two{periodic for all t. It is the matter of elementary algebra to get the formula for the ranks of I j ( t ) from (10) and (16 Let k S 3 be a twist knot, i.e. a knot in S 3 of one of the two types shown in Figure 21 . The knots (2m + 2) 1 The computations for negative p in part (1) of the theorem (correspondingly, positive p in part (2) 
...
... The spectral sequence is of the form shown in Figure 23 with non-trivial groups possible only in the shaded squares. One can think about the involution constructed in the theorem as follows. Since X is an embedding, I ( # ) decomposes (at least over Q ) as I ( # ) = I ( ) I ( ) R where R may be non{trivial. Then (C ) acts as an involution permuting the two factors I ( ). 32 
